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1. INTRODUCTION 
I n  t h e  p r e s e n t  s t u d y ,  t h e  s t r u c t u r e  o f  t h e  t h r e e  d i m e n s i o n a l  
t r a n s o n i c  s h e a r  f l o w  is  examined i n  t h e  c o n t e x t  o f  a t i m e  dependent 
compute r   expe r imen t .   The   spec i f i c   p rob lem  s tud ied  is t h a t   o f   f l o w  
through a l i n e a r  c a s c a d e  o f  b l a d e s  a t  z e r o  a n g l e  o f  a t t a c k  t o  t h e  
i n c i d e n t   f l o w .  The t h r e e   d i m e n s i o n a l   f e a t u r e s   o f   t h e   f l o w  are 
in t roduced  by  the  p re sence  o f  a vo loc i ty  nonun i fo rmi ty  a long  the  
s p a n  d i r e c t i o n  i n  t h e  i n c i d e n t  f l o w .  T h i s  s p a n w i s e  v e l o c i t y  p r o f i l e  
is man i fe s t ed  as a spanwise Mach number p r o f i l e ;  and t h i s  Mach number 
p r o f i l e  is t a k e n  t o  b e  t r a n s o n i c  p o s s e s s i n g  a subson ic  r eg ion  a t  one 
end  of   the  span  (e .g .   the   hub)   and a s u p e r s o n i c  r e g i o n  a t  t h e  o p p o s i t e  
e n d   o f   t h e   s p a n   ( e . g .   t h e   t i p ) .  Such a f l o w   p o s s e s s e s   c e r t a i n   f e a t u r e s  
which are c h a r a c t e r i s t i c  o f  t h e  f l o w  i n c i d e n t  o n  a t r anson ic  tu rbo -  
machine  ro tor .  
2 .  TRANSONIC Flow I N  A TURBOMACHINE CASCADE 
The  p rob lem o f  th ree  d imens iona l  t r anson ic  shea r  f low i s ,  i n  
many s e n s e s ,  a c l a s s i c   p r o b l e m .  It f o l l o w s   d i r e c t l y   a s   a n   e x t e n s i o n  
of a c l a s s i c  p rob lem which  i s  a l r e a d y  u n d e r s t o o d  i n  c o n s i d e r a b l e  
d e t a i l :   t h a t   o f  two d imens iona l   ( span-wise   un i form)   t ransonic   f low  over   an  
a i r f o i l  o r  t u r b o m a c h i n e  b l a d e .  
Fo r  the  two d imens iona l  case i t  is known t h a t  as t h e  i n c i d e n t  Mach 
number is s t e a d i l y  i n c r e a s e d  i n  t h e  s u b s o n i c  r a n g e  a c r i t i c a l  Mach number 
is reached a t  which  the  f low becomes  sonic  a t  some p o i n t  on t h e  b l a d e .  
A s  t h e  Mach number is f u r t h e r  i n c r e a s e d ,  a s u p e r s o n i c  r e g i o n  a p p e a r s  
(enveloped   by   the   sonic   bubble) .   For   mos t   shapes ,  as t h e  Mach number 
i n c r e a s e s  t h i s  s u p e r s o n i c  r e g i o n  is t e rmina ted  by a concave  forward  shock. 
As t h e  Mach number i n c r e a s e s  f u r t h e r  t h e  t e r m i n a t i n g  s h o c k  moves 
r e a r w a r d  u n t i l ,  a s  t h e  Mach number s l i g h t l y  e x c e e d s  u n i t y  ( s u p e r s o n i c  i n c i d e n t  
f l o w )  t h e  r e a r w a r d  s h o c k  s t a n d s  a t  t h e  t r a i l i n g  e d g e  a n d  a shock  develops  a t  
t h e   l e a d i n g   e d g e .   T h i s   s t r u c t u r e  is confirmed  by  numerous  experiments  (which 
a l s o  r e v e a l  t h e  s h o c k  b o u n d a r y  l a y e r  i n t e r a c t i o n )  a n d  b y  a r e m a r k a b l e  t r a d i t i o n  
of a n a l y s i s  b e g i n n i n g  w i t h  t h e  c lass ica l  work of the Hodograph'l 'extending over 
t h e  n u m e r i c a l  f i n i t e  d i f f e r e n c e  w o r k  o f  Emmons(*) and  the  non- l inear  theory  of  
Rubbert  and Landahl.  ( 3 )  
The  ex tens ion  o f  t h i s  p rob lem to  a t h r e e  d i m e n s i o n a l  a r c h e t y p a l  p r o b l e m  
r e s u l t s   f r o m   t h e   f o l l o w i n g   c h a n g e   o f   c o n d i t i o n .   T h e   i n l e t   f l o w  is now al lowed 
t o  d e v e l o p  a v e l o c i t y  g r a d i e n t  a l o n g  t h e  s p a n  of t h e  b l a d e  w h i c h  g e n e r a t e s  a 
span-wise  nonuniform Mach number p r o f i l e .  T h i s  i n l e t  Mach number p r o f i l e  w i l l  
i t s e l f   b e   t r a n s o n i c   p o s s e s s i n g   b o t h   s u p e r s o n i c   a n d   s u b s o n i c   r e g i o n s .   I n   s u c h  
a t h r e e  d i p e n s t o n a l  t r a n s o n i c  r e g i m e ,  t h e  s t r u c t u r e  o f  t h e  s o n i c  s u r f a c e ,  s h o c k  
su r face ,   and   i nduced   c ros s   f l ows  are o f   p a r t i c u l a r  i n t e r e s t .  Such a flow  models 
i n  many r e s p e c t s  t h e  r e l a t i v e  Mach number p r o f i l e  w h i c h  i s  i n c i d e n t  on a t r a n s o n i c  
turbomachine  ro tor .  
I n  c o n t r a s t  t o  two d i m e n s i o n a l  f l o w s ,  t h r e e  d i m e n s i o n a l  t r a n s o n i c  f l o w s  h a v e  
r ece ived  l i t t l e  t h e o r e t i c a l   a t t e n t i o n .  The l i n e a r i z e d   n o n - l i f t i n g   t r a n s o n i c  
cascade  theory  was developed  by McCune ( 4 )  i n  1958 a n d  r e c e n t l y  e x t e n d e d  t o  t h e  
l i f t i n g  case by  Okurounmu and PlcCune. (5)  The r e c e n t  work  of Namba") proceeds  
f r o m  l i n e a r i z e d  t h e o r y  t o  c o n s t r u c t  s o l u t i o n s  f o r  t r a n s o n i c  s h e a r  f l o w  o v e r  a n  
a i r f o i l .  T h e  m o s t  s i g n i f i c a n t  r e s u l t  o f  t h i s  work was the  development  of  complex 
p a t t e r n s  of s t a n d i n g  waves on t h e  b l a d e  n e a r  t h e  s o n i c  s p a n w i s e  s t a t i o n s .  T h e r e  
remains i n  t h i s  work ,   however ,   the   fundamepta l   l imi ta t ion  of l i n e a r i z e d  t h e o r y :  
t h e  s h o c k  s t r u c t u r e  c a n n o t  b e  r e p r e s e n t e d .  
3. METHODS FOR TFE CALCLXATION OF INVISCID TRANSONIC  FLOW 
The s y s t e m a t i c  n u m e r i c a l  s t u d y  o f  i n v i s c i d  c o m p r e s s i b l e  f l o w  was f i r s t  
deve loped   by   Courant ,   Fr iedr ichs ,   and  L e w ~ ' ~ )  and  Lax  and  Wendroff. ( 8 )  These 
methods are time d e p e n d e n t  i n i t i a l  v a l u e  m e t h o d s  f o r  h y p e r b o l i c  f l u i d  e q u a t i o n s  
i n  t h e  s e n s e  t h a t  a n  i n i t i a l  f l u i d  s t a t e  is advanced i n  time s u b j e c t  t o  p r e s c r i b e d  
b o u n d a r y   c o n d i t i o n s   i n   s p a c e .   F o r   s i t u a t i o n s   i n   w h i c h   o n l y   t h e   s t e a d y   f l o w  
s u b j e c t  t o  time independent   boundary   condi t ions  i s  r e q u i r e d ,  t h e  i n i t i a l  v a l u e  
method may b e  u s e d  t o  d e v e l o p  t h i s  s t e a d y  f l o w  f r o m  a n  i n i t i a l  g u e s s .  The 
d e s i r e d  s t e a d y  f l o w  i s  then  ob ta ined  as t h e  a s y m p t o t i c  s t a t e  f o r  l a r g e  v a l u e s  
of time. 
I t  i s  n e c e s s a r y  t h a t  weak s o l u t i o n s  o f  t h e  f l u i d  e q u a t i o n s  b e  r e p r e s e n t e d  
2 
by the  methods  i .e. ,  t h a t  s h o c k  s u r f a c e s  s e p a r a t i n g  r e g i o n s  o f  e l l i p t i c  a n d  
h y p e r b o l i c  b e h a v i o r  b e  p e r m i t t e d .  T h e  m e t h o d s  u t i l i z e d  i n  t h i s  w o r k  are of 
t h i s   v a r i e t y .  Shock s u r f a c e s  are l o c a t e d   i n t e r n a l l y .  It is n o t   n e c e s s a r y  
to m a t c h  e l l i p t i c  a n d  h y p e r b o l i c  r e g i o n s  a t  an  a p r i o r i  unknown s u r f a c e  u s i n g  
the  Rankine-Hugoniot   condi t ions.   Instead,   the   shock  becomes a s h a r p l y   v a r y i n g  
(bu t  con t inuous )  r eg ion  in  wh ich  the  shock  i s  d i spe r sed  ove r  3-4 computing mesh 
c e l l s .  
It s h o u l d  b e  n o t e d  t h a t  several o t h e r  d i f f e r e n c e  m e t h o d s  e x i s t  f o r  i n t e g r a t i n g  
the   inv isc id   compress ib le   f low  equat ions .   These   methods   inc lude   those   o f  
Rusanov'?) Von Nemann!l0)  and  others.  I n  t h e  class of  prohlems i n  which we 
a r e  i n t e r e s t e d  t h e  r e s o l u t i o n  o f  s o n i c  s u r f a c e s  a n d  weak shock waves i s  of extreme 
importance.  The r e s o l v i n g   c a p a b i l i t y   o f   t h e  method is  t h e r e f o r e  o f  m a j o r  i n t e r e s t .  
Emery has   compared   t he   r e so lu t ion   o f f e red  by seve ra l   o f   t he   me thods   desc r ibed  
above. H i s  r e s u l t s  showed t h a t  t h e  T,ax-Wendroff method ( i n  e i t h e r  i t s  o r i g i n a l  
o r  t w o - s t e ?  f o r m )  o f f e r e d  t h e  b e s t  r e s o l u t i o n  of t h e  f l o w  f i e l d  o f  a l l  t h e  
methods.  The  Lax-Wendroff  method i n  i t s  two-s tep   vers ion   [Richtmyer   (12)~  was 
t h e r e f o r e  u t i l i z e d  i n  t h e  p r e s e n t  w o r k .  
T h e  d e s c r i p t i o n  o f  t h e  t w o - s t e p  v e r s i o n  o f  t h e  Lax-Wendroff  method i s  g iven  
i n  c o n s i d e r a b l e  d e t a i l  by Richtmyer(12) .  We remark   t ha t   t he  method i s  of  second 
o r d e r  a c c u r a c y  i n  time a n d  n o t e  t h a t  t h e  n u m e r i c a l  s t a b i l i t y  of t h e  method is  
e s s e n t i a l l y  g o v e r n e d  by a l i m i t a t i o n  on t i m e  s t e p  A t  g iven  hy the  Couran t  cond i t ion :  
A t  2 min Ax 
where Ax is t h e  s p a t i a l  s i z e  o f  a mesh c e l l  and c and u a r e  t h e  l o c a l  s o n i c  
and f l u i d   s p e e d s   r e s p e c t i v e l y .  The  above r e s u l t  i s  obtained  f rom a l i n e a r i z e d  
s t a b i l i t y   a n a l y s i s   o f   t h e   L a x - N e n d r o f f   d i f f e r e n c e   e q u a t i o n s .   T h i s   a n a l y s i s   a l s o  
shows t h a t  t h e  Lax-Wendroff  method i s  n e u t r a l l y  s t a b l e  i n  a numer i ca l  s ense  a t  
a s o n i c  p o i n t  o r  a t  a s t a g n a t i o n  p o i n t .  T h i s  f a c t  s u g g e s t s  t h a t  n u m e r i c a l  i n s t a -  
b i l i t i e s  c o u l d  arise i n  a t r a n s o n i c  c a l c u l a t i o n  w h e r e  t h e r e  a r e  s i g n i f i c a n t  r e g i o n s  
n e a r   t h e   s o n i c   s p e e d .   T h i s   h a s   b e e n   f o u n d   t o   b e   t h e   c a s e .  When t h e  Lax-Wendroff 
method w a s  u s e d  f o r  t h e  t r a n s o n i c  a i r f o i l  p r o b l e m ,  s l o w l y  g r o w i n g  i n s t a b i l i t i e s  
w e r e  o b s e r v e d .  T h i s  s i t u a t i o n  may b e  c o r r e c t e d  by a d d i n g  t o  t h e  Lax-Wendroff 
e q u a t i o n s  a n  a r t i f i c i a l  d i f f u s i o n  term which i s  o f  t h i r d  o r d e r  i n  t h e  time s t e p  
a n d  t h e r e f o r e  d o e s  n o t  a f f e c t  t h e  t r u n c a t i o n  e r r o r  o f  t h e  scheme [ B u r s t e i n ,  
Lap idus (14) ] .   Th i s  small d i f f u s i o n  term is  s u f f i c i e n t   t o   r e n d e r   t h e   o t h e r w i s e  
n e u t r a l l y  s t a b l e  m e t h o d  s t a b l e  i n  s o n i c  o r  n e a r  s o n i c  r e s i o n s .  
(13) 
Because  o f  ou r  i n t e re s t  i n  t he  th ree  d imens iona l  p rob lem,  the  conse rva t ion  
of   computer   execut ion time and memory becomes of impor t ance .   Th i s   gene ra l  
c o n s i d e r a t i o n  r e q u i r e s  t h a t  e a c h  mesh p o i n t  b e  u s e d  e f f e c t i v e l y .  I n  t h e  case 
o f  f l o w s  o v e r  b o d i e s ,  t h e  s t r o n g e s t  g r a d i e n t s  are nea r  and  on  the  body so t h a t  
i t  seems r e a s o n a b l e  t o  h a v e  m o s t  o f  t h e  mesh p o i n t s  i n  t h e  v i c i n i t y  o f  a n d  o n  
the  body whi le  fewer  mesh p o i n t s  may b e  t o l e r a t e d  a t  l a r g e r  d i s t a n c e s  f r o m  t h e  
body .  Fo r  the  p re sen t  class of  problems, w e  have  developed a mapping  procedure 
f o r  a l l o c a t i o n  o f  t h e  mesh i n  w h i c h  t h e  p h y s i c a l  domain is mapped  one t o  o n e  
i n t o  a so lu t ion   domain   which  is t h e n  u n i f o r m l y  d i s c r e t i z e d .  The  mapping f u n c t i o n  
is s e l e c t e d  s o  t h a t  t h e  u n i f o r m  mesh i n  t h e  s o l u t i o n  domain  maps i n t o  t h e  p h y s i c a l  
domain wi th  a g r e a t e r  number of p o i n t s  i n  t h e  r e g i o n  w h e r e  maximum r e s o l u t i o n  is 
d e s i r e d .  F u r t h e r  d e t a i l s  o f  t h i s  m a p p i n g  t e c h n i q u e  may b e  f o u n d  i n  S p a r i s .  (15) 
4 .  n u I D  EOl’ATIONF NTD THEIR DIFFEWJJCE  FOF,*.rLnATION 
The formula t ion   of   the   p roblem is  centered   on   the   geometry  of f ig .1 .   The  
b lade  of  chord  29,, t h i c k n e s s  t and  span D i s  suspended  in  the  cen te r  o f  a 
r e c t a n g u l a r  p a s s a g e .  I n  t h e  p r o b l e m  t o  b e  d i s c u s s e d ,  t h e  b l a d e  is symmetric 
a n d  p a r a l l e l  t o  t h e  i n c i d e n t  stream. With t h i s  symmetry,   the walls p a r a l l e l  
t o  t h e  s p a n  may s imply  be. i n t e r p r e t e d  as f i c t i t i o u s  symmetry boundaries  for  a 
l i n e a r  c a s c a d e .  The i n l e t  f l o w  p o s s e s s e s  u n i f o r m  s t a t i c  t h e r m o d y n a m i c  p r o p e r t i e s  
a t  t h e  i n l e t ,  b u t  a l i n e a r l y  v a r y i n g  v e l o c i t y  p r o f i l e  i n  t h e  z d i r e c t i o n  a l o n g  
t h e   s p a n .  The f l u i d   e q u a t i o n s   u t i l i z e d   a r e   t h o s e   f o r   i n v i s c i d   c o m p r e s s i b l e   f l o w  
and the boundary condi t ions on t h e  s u r f a c e  o f  t h e  b l a d e  are t h o s e  f o r  i n v i s c i d  
f low:   van i sh ing   no rma l   ve loc i ty  a t  t h e   s u r f a c e .  The i n l e t  s t a t e  i s  p r e s c r i b e d  
as   d i scussed   above .   There   aDpear   to   be  a v a r i e t y  o f  ways t o  m o d e l  t h e  e x i t  bound- 
a ry  depend ing  on  the  k ind  o f  s i t ua t ion  one  i s  a t t e m p t j . n g  t o  c o m p u t a t i o n a l l y  s i m u l a t e .  
Fo r  the  case  o f  a s i n g l e  i s o l a t e d  r e c t i l i n e a r  c a s c a d e  o n e  s h o u l d  a p p l y  t h e  u p s t r e a m  
( in le t )   and   downst ream  (ex i t )   boundary   condi t ion  a t  i-= , --m r e spec t ive ly .   A l though  
i t  is p o s s i b l e  t o  map t h i s  i n f i n i t e  domain i n t o  a f i n i t e  domain,  and then carry 
o u t  t h e  n u m e r i c a l  work i n  t h e  f i n i t e  domain, i t  has  been  found  adequa te  in  many 
cases t o  s i m p l y  l o c a t e  i n l e t  a n d  e x i t  f a r  enough  upstream  and  downstream s o  t h a t  
t h e  f l o w  c a n  b e  s p e c i f i e d  t o  b e  u n i f o r m  i n  t h e  a x i a l  d i r e c t i o n  e . g .  R u r s t e i n .  (13) 
That  is t h e  p r o c e d u r e  i n i t i a l l y  a d o p t e d  i n  t h i s  work a l though  i t  may r e q u i r e  mod- 
i f i c a t i o n   f o r   s i t u a t i o n s   i n   w h i c h   s h o c k s   e s c a p e   f r o m   t h e   c a s c a d e .  I t  appea r s  
f e a s i b l e  i n  s u c h  a n  e v e n t  t o  a d j u s t  t h e  e x i t  b o u n d a r y  c o n d i t i o n  s o  t h a t  t h e  reward 
c h a r a c t e r i s t i c s  are p r o p e r l y  l o c a t e d  a t  t h e  e x i t .  
For a p e r f e c t  g a s  o f  mass d e n s i t y  p ,  momentum d e n s i t y  i n  r e c t a n g u l a r  c o o r d i n a t e  
4 
I 
directions  x,y,z,  given  by mxymy,mz, and  total  energy  density e, the  inviscid, 
compressible  fluid  equations  may be expressed  as 
ad a$ aE a$ 
at ax ay az 
- - + - + - + - ~  0 
where U is  the  fluid  state  vector 
-+ 
+ u =  
and F,G.H are  functions of U: 
+ + +  + 
- + +  
F(U) = 
+ - +  
H(U)  = 
r L 
P 
TI 
X 
m 
m 
e 
Y 
z 
The pressure p for a perfect  gas  is  given  by 
2P 
where y is  the  ratio f specific  heats. 
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If  space  and time are d i s c r e t i z e d   b y   i n c r e m e n t s  Ax,Ay,Az;At w i t h  d i s c r e t e  
c o o r d i n a t e s  j ,  II , m y  n s u c h   t h a t  x = jAx, y = R A Y ,  z = mAz, t = nAt  and 
+n -t 
'j E l m  
scheme (12) is: 
d e n o t e s  U ( x , y , z , t ) ,  t h e  two s t ep  R ich tmyer  ve r s ion  of t h e  Lax-Wendroff 
" 
A t  +n -m 
2Ax ( F j + l , R , m  j - l , R , m  - F  
AS d i s c u s s e d  by Lax(8) and Richtmyer, (12) the  above  d i f fe rence  scheme i s  s t a b l e  
t o  s m a l l  d i s t u r b a n c e s  if 
A t < - -  1 AX 
K l u l+c  
where Ax= Ay = Az. F o r   u n e q u a l   s p a c e   i n c r e m e n t s ,   t h e   a b o v e   s t a b i l i t y   c o n d i t i o n  
i s  m o d i f i e d  s l i g h t l y  [ S e e  S p a r i s " ) ]  , h o w e v e r ,  f o r  p r a c t i c a l  p u r p o s e s ,  a working 
s t a b i l i t y  r e q u i r e m e n t  is 
where A is t h e  minimum s p a t i a l  mesh increment .  
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In  a d d i t i o n ,  t h e  scheme is n e u t r a l l y  s t a b l e  t o  small d i s t u r b a n c e s  i n  r e g i o n s  
where u = 0 o r  u = a ;  i . e . ,  a t  s t a g n a t i o n  p o i n t s  o r  s o n i c  p o i n t s .  To s t a b i l i z e  
t h e  scheme a g a i n s t  h i g h e r  o r d e r  d i s t u r b a n c e s ,  a n  a r t i f i c i a l  d i f f u s i o n  term 
which is of t h e  o r d e r  of t h e  t r u n c a t i o n  e r r o r  is a d d e d  t o  t h e  b a s i c  two s t e p  
d i f f e rence   s cheme .   Th i s  term has   been   taken  as an   ex tended   ve r s ion   o f   t ha t  
proposed  by  Lapidus : ( 1 4 )  
I n  t h e  a b o v e  u 
non-d imens iona l   ad jus tab le  parameter of o rde r   un i ty .   The  term V is added 
t o  t h e  r i g h t  hand s i d e  of Eq.(5b).  
x )  u y %  are the  th ree  componen t s  o f  t he  f lu id  speed  and  K is a 
+n 
j , L , m  
As n o t e d  p r e v i o u s l y ,  t h e  i n l e t  b o u n d a r y  c o n d i t i o n  a t  x = x i s  t h a t  of a 
+ i 
s p e c i f i e d   i n l e t  s t a t e  lJ(xiyy ,z  , t ) ,  A t  t h e   e x i t   f a r  downstream, x = x t h e  
c o n d i t i o n  of a x i a l  u n i f o r m i t y  i s  a p p l i e d :  
e 
au 
ax 
+ 
" - 0  x = x  
On t h e  s u r f a c e  of t he  b l ade  wh ich  i s  p a r a l l e l  t o  t h e  z a x i s ,  t h e r e  m u s t  b e  no 
t r a n s p o r t  of mass, momentum, o r   e n e r g y   a c r o s s   t h a t   s u r f a c e .   A l t h o u g h  i t  is  n o t  
a n  e s s e n t i a l  s i m p l i f i c a t i o n ,  i t  i s  u s e f u l  t o  u s e  t h e  a p p r o x i m a t i o n  o f  t h i n  a i r f o i l  
t heo ry   and   app ly   t he   b l ade   boundary   cond i t ion   on   t he   ax i s  y = 0 .  Mappings o r  
i n t e r p o l a t i o n  r e p r e s e n t  a l t e r n a t i v e  p r o c e d u r e s  w h i c h  a l l o w  e x a c t  a p p l i c a t i o n  of 
t he   boundary   cond i t ions  a t  t h e   b l a d e   s u r f a c e .   I n   t h e   p r e s e n t   s t u d y ,   t h e   s p e c i f i c  
b l a d e  p r o f i l e s  w h i c h  were examined were 8% t h i c k  p a r a b o l i c  p r o f i l e s .  The t h i n  
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a i r f o i l  a p p r o x i m a t i o n  w a s  compared with a mapping  procedure  which  exac t ly  t rea ted  
t h e  t h i c k n e s s  p r o b l e m ;  f o r  t h e  8% t h i c k  p r o f i l e s ,  t h e r e  w a s  no d e t e c t a b l e  d i f f e r e n c e  
between  the two p r o c e d u r e s .  T h e  t h i n  a i r f o i l  t r e a t m e n t  w a s  t h e r e f o r e  u s e d  i n  t h e  
r e s u l t s  d i s c u s s e d  i n  t h e  p r e s e n t  r e p o r t .  
Deno t ing  no rma l  and  t angen t i a l  d i r ec t ions  by n , t  o n  t h e  b l a d e  s u r f a c e ,  t h e  
s u r f a c e  c o n d i t i o n s  a r e :  
m = O  (normal  mass) 
n 
!I2 = 0 
P n  
(normal momentum) 
mn--t = 0 ( t a n g e n t i a l  momentum) m 
e 
P 
%- = 0 ( t o t a l   e n e r g y )  
I f  t h e  v a l u e s  a t  mesh p o i n t s  i n  a r e c t a n g u l a r  x ,  y g r i d  on e i t h e r  s i d e  o f  t h e  
b l a d e  i n t e r f a c e  a r e  d e n o t e d  (+),(-) s u p e r s c r i p t s  ( f i g . 2 )  t h e  a b o v e  c o n d i t i o n s  
may b e  s p e c i f i e d  as 
where 0 is the  angle  be tween the  y a x i s  and t h e  l o c a l  n o r m a l  a t  t h e  b l a d e  s u r f a c e .  
T h e s e  c o n d i t i o n s  s e r v e  t o  f i x  t h e  e x t e r i o r  b o u n d a r y  v a l u e s  (-) i n  terms of   the  
i n t e r i o r  v a l u e s  (+) . 
Because  o f  i n t e re s t  i n  min imiz ing  the  number of mesh p o i n t s  f o r  a g iven  
r e s o l u t i o n ,  a mapping p rocedure  was u s e d  t o  i m p r o v e  t h e  r e s o l u t i o n  n e a r  t h e  b l a d e .  
S ince  the  f low i s  p r i n c i p a l l y  a x i a l  w i t h  s t r o n g  a x i a l  g r a d i e n t s ,  t h e  x c o o r d i n a t e  
was s t r e t c h e d  a c c o r d i n g  t o  the fol lowing mapping:  
(XYYYZ) + (SYYYZ) 
d[ = pdx 
where Z J, /<$> and  $(x)  i s  a magn i f i ca t ion   func t ion   wh ich   a s  a maximum 
a t  x = x. and i s  monotone   decreas ing   for  I X I  < x . The a v e r a g e   v a l u e  <$> i s  
0 
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A s imple  and  use fu l  magn i f i ca t ion  func t ion  is the "Lorentz  Line Shape ' '  funct ion 
where  the  parameter  a i s  t h e   v a l u e   o f  x where   $ (x )   has   t he   va lue  1 / 2 .  The 
domain ( c , y , z )  becomes the  so lu t ion  domain  wh ich  is u n i f o r m l y  d i s c r e t i z e d ,  a n d  
h e n c e ,  t h e  mesh w i l l  be  nonuniform i n  t h e  x d i r e c t i o n  w i t h  a g r e a t e r  mesh p o i n t  
d e n s i t y  i n  t h e  r e g i o n  x = x. . It s h o u l d  b e  n o t e d  t h a t  t h e  s t a b i l i t y  r e q u i r e m e n t  
o f  t h e  d i f f e r e n c e  scheme must s t i l l  be based upon the minimum p h y s i c a l  s p a t i a l  
increment ,  Ax . The o n l y   r e q u i r e d   c h a n g e   i n   t h e   f l u i d   e q u a t i o n s   a n d   t h e i r   c o r r e -  
s p o n d i n g   d i f f e r e n c e   e q u a t i o n s  is  the  rep]-acement  of a by (3) a
ax dx a €  
To g i v e  a n  i l l u s t r a t i o n  o f  t h e  b e h a v i o r  o f  t h e  t r a n s f o r m a t i o n ,  f o r  t h e  p a r a -  
meter choices   a=3.71,   L=26.0,  x = O ,  L=3.71  the maximum m a g n i f i c a t i o n  f a c t o r  p is 
2 . 7 1  and  the  b l ade  w i l l  have 2 . 1 2  times as many p o i n t s  as i t  would with a uniform 
mesh i n  t h e  x space .   The   cor respondence   be tween  the   so lu t ion   space  (5) and t h e  
phys ica l  space  (x )  i s  shown i n   f i g  . 3 .  
0 
5. TWO DIMTNSIONAL RESULTS 
Before  proceeding  to  the  three-d imens iona l  problem,  a two-dimensional  sub- 
case o f  t he  gene ra l  fo rmula t ion  ( span-wise  un i fo rm in l e t  ve l . oc i ty )  was  examined. 
The g o a l  was t o  g a i n  e x p e r i e n c e  w i t h  r e s o l u t i o n ,  s t a h i l i t y ,  and  accu racy  in  the  
two-dimensional  case.  The s p e c i f i c   c a s e   c h o s e n  was un i fo rm  in l e t   f l ow  ove r   an  
8% t h i c k  p a r a b o l i c  b l a d e .  The i n i t i a l  s t a t e  w a s  a uni form  f low  throughout   the  
domain i d e n t i c a l  w i t h  t h e  i n l e t  f l o w ,  t h e  i n l e t  f l o w  i n i t i a l l y  a t  Mach number 
M =0.65. As time p r o g r e s s e d ,  t h e  i n l e t  E?ach number  was i n c r e a s e d   t o   0 . 7 0 ,   0 . 7 5 ,  
0 . 8 0 ,   0 . 8 4 .  The r e s u l t s  of this   t ime-dependent   computer   experiment  are shown i n  
f i g s .  4 through 7 . F u l l   d e t a i l s  may be   found  in   Spar i s .   (15)   These   resu l t s   l ead  
t o  t h e  f o l l o w i n g  g e n e r a l  c o n c l u s i o n s :  
0 
1. The c r u c i a l  f l o w  f i e l d  f e a t u r e s  o f  i n t e r e s t  i n  t h i s  g e n e r a l  p r o b l e m  -- 
s o n i c  l i n e  a n d  s h o c k  l i n e  -- c o u l d  b e  r e s o l v e d  q u i t e  s a t i s f a c t o r i l y  w i t h  a 
minimum d i s c r e t i z a t i o n   o f   t h e   d o m a i n .   T h e s e   c a l c u l a t i o n s  were c a r r i e d  o u t  
w i t h  a n  i n t e n t i o n a l l y  c o a r s e  g r i d  i n  a n t i c i p a t i o n  o f  t h e  more  demanding re- 
qui rements   o f   s torage   and   speed   for  a t h r e e   d i m e n s i o n a l   c a l c u l a t i o n .  The 
a x i a l  d i r e c t i o n  i s  r e p r e s e n t e d  by 40 mesh p o i n t s ,  27 of  which are l o c a t e d  on 
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t h e   b l a d e .   S i n c e   t h e   s h o c k  is d i s p e r s e d   o v e r  3-4 mesh p o i n t s ,   t h e   s h o c k  
t h i c k n e s s  i s  o f  t h e  o r d e r  of s l i g h t l y  more  than 10% of   the   chord .   Whi le  
o n e  w o u l d  p r e f e r  b e t t e r ,  t h i s  r e s o l u t i o n  is a d e q u a t e  t o  q u i t e  c l e a r l y  
i d e n t i f y  the phenomenon as a s h o c k  a n d  l o c a t e  t h e  c e n t e r  o f  t h e  d i s p e r s e d  
r e g i o n   ( f i g s . 5 , 7 ) .  A sepa ra t e   app l i ca t ion   o f   t he   Rank ine -Hugon io t   cond i t ions  
o n  e i t h e r  s i d e  o f  t h e  s h o c k  shows  them t o  b e  s a t i s f i e d  t o  t h e  a c c u r a c y  of 
t h e  d i s c r e t i z a t i o n  e r r o r  i n  t h e  c a l c u l a t i o n .  A c a l c u l a t i o n  o f  t h e  e n t r o p y  
o f  t h e  f l o w  f i e l d  shows i t  c o n s t a n t  o n  e i t h e r  s i d e  o f  t h e  s h o c k  w i t h  t h e  
p rope r  jump a c r o s s   t h e   s h o c k .   S i n c e   t h e r e   a l w a y s   e x i s t s  a r e g i o n  w i t h i n  t h e  
shock  where  the  Mach Number i s  u n i t y ,  t h e  rear p o r t i o n  o f  t h e  s o n i c  l i n e  
( f i g . 6 )  a l s o  shows t h e  s h o c k  l o c a t i o n  q u i t e  c l e a r l y .  
2 .  T h e  n e a r  n e u t r a l  s t a b i l i t y  of t h e  Lax-Richtmyer  method i n  t h e  t r a n s o n i c  
r eg ime  r equ i r e s  the  use  o f  a h i g h e r  o r d e r  d i f f u s i o n  term t o  p r o v i d e  n u m e r i c a l  
s t a b i l i z a t i o n .  I t  a p p e a r s  t h a t  t h i s  term may have some e f f e c t  i n  i n t r o d u c i n g  
a s l i g h t  d i s t o r t i o n  i n  t h e  s y m m e t r y  o f  t h e  f l o w  ( e s p e c i a l l y  e v i d e n t  i n  t h e  
sh.ockless   f low cases shown i n  f i g . 4 ) .  The e l i m i n a t i o n   o f   t h i s   s l i g h t  stream- 
l i n e  d i s t o r t i o n  i s  c u r r e n t l y  b e i n g  i n v e s t i g a t e d .  
3 .  The  mesh a l l o c a t i o n  s y s t e m  b a s e d  on a mapping seems t o  b e  s a t i s f a c t o r y .  
A l though  the  b l ade  is on ly  115  o f  t he  ax ia l  pas sage  l eng th ,  approx ima te ly  
60% o f  t h e  mesh p o i n t s  were l o c a t e d  on t h e  b l a d e  w h e r e  t h e  g r a d i e n t s  were 
s t r o n g e s t  . 
6.  T H E E  D I P E N S I O N A L  RESLRTS 
The i n i t i a l  f l o w  f o r  t h e  t h r e e  d i m e n s i o n a l  e x p e r i m e n t  was a span-wise uniform 
i n l e t  f l o w  a t  i n l e t  Mach number  0.65.  For  the 8% t h i c k  p a r a b o l i c  p r o f i l e  a t  t h i s  
Mach number t h e   f l o w   o v e r   t h e   e n t i r e   b l a d e  i s  subson ic .  A t  t h e  i n i t i a l  time t h e  
i n l e t  f l o w  i s  s lowly  sped  up a long  the  span  wi th  a l i n e a r  v e l o c i t y  v a r i a t i o n  a l o n g  
t h e   s p a n .  The  span-wise  nonuniformity i s  t h u s   i n t r o d u c e d   c o n t i n u o u s l y   r a t h e r   t h a n  
d i s c o n t i n u o u s l y  as time p r o c e e d s .   I n   t h i s  way the  development   of   the   three-  
d i m e n s i o n a l  f e a t u r e s  of the  f low f rom the  pure ly  two-dimens iona l  f low may be observed 
as time p r o c e e d s .   I n   t h e   e x p e r i m e n t   t o   b e   d e s c r i b e d ,   t h e   i n l e t   v e l o c i t y   p r o f i l e  
d e v e l o p s  u n t i l  t h e  Mach number r eaches  a maximum v a l u e  of 1 . 2  a t  t h e  t i p  end  of 
t h e   b l a d e .  The Mach number a t  t h e  hub r ema ins   f i xed   a t   0 .65 .  The time s c a l e   f o r  
the  deve lopment  of  the  prof i le  i s  1 b lade  chord  c ros s ing  time f o r  a sound  wave a t  
t h e  i n l e t  t e m p e r a t u r e .  
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Some p re l imina ry  r e su l t s  o f  t h i s  t h ree -d imens iona l  compute r  expe r imen t  a re  
shown i n   t h e   s e q u e n c e   o f   i g u r e s  8 through 2 1  . Each f i g u r e   c o r r e s p o n d s   t o  
a n  i n t e r v a l  o f  100 cyc les  which  i n  tu rn  co r re sponds  to  one  chord  c ros s ing  t i m e  
a t  t h e  i n l e t  s o n i c  s p e e d  a t  the   hub .   The   sequence   begins  300 c y c l e s  a f t e r  t h e  
i n i t i a t i o n  o f  t h e  i n l e t  speed-up  [ f ig .  8 3 a n d   r u n s   t o   1 1 0 0   c y c 1 . e ~   [ f i g .  16 3 .  
A t  1 1 0 0  c y c l e s  t h e  f l o w  i s  v e r y  c l o s e  t o  i t s  f i n a l  a s y m p t o t i c  s t e a d y  s ta te  as can 
b e  seen i n  f i g .  2 1  . 
A t  300 c y c l e s ,  t h e  e n t i r e  f l o w  f i e l d  is s t i l l  s u b s o n i c ,  b u t  t h e  t i p  o f  t h e  
b l a d e  i s  b e g i n n i n g  t o  show t h e  e f f e c t  o f  t h e  s p a n w i s e  n o n u n i f o r m i t y .  The maximum 
Mach number i n  t h e  v i c i n i t y  o f  t h e  b l a d e  a t  t h i s  s t a g e  o f  t h e  e v o l u t i o n  of t h e  
f l o w  is 0.93 and i t  occur s  nea r  t he  mid -chord  po in t  a t  t h e  t i p .  A f t e r  300 c y c l e s ,  
t h e  t i p  s t a t i o n  p o s s e s s e s  a r eg ion   o f   supe r son ic   f l ow.   Af t e r  500 c y c l e s ,   t h e  
maximum  Mach number  on t h e  h l a d e  i s  1.15 and i s  s t i l l  a t  t h e  t i p .  The poin t   o f  
maximum  Mach number now b e g i n s  t o  s h i f t  t o  t h e  rear o f  t h e  p r o f i l e .  A t  500 c y c l e s ,  
t h e  Mach number D r o f i l e s  s t e e p e n s  a t  t h e  r e a r  of t h e  b l a d e  t i p  and  by 600 c y c l e s  
a weak  shock  surface is i n  e v i d e n c e  a t  t h e  t i p .  T h i s  s h o c k  s u r f a c e  w h i c h  i n t e r -  
s e c t s  t h e  b l a d e  w e a k e n s  a l o n g  t h e  s p a n  r u n n i n g  f r o m  t i p  t o  hub and merges with 
t h e  s o n i c  s u r f a c e  w h i c h  i n t e r s e c t s  t h e  s p a n  a b o u t  t w o - t h i r d s  of t h e  d i s t a n c e  f r o m  
hub t o  t i p .  Once the  shock  fo rms ,  t he  s t a t i c  p r e s s u r e  rise a t  t h e  t i p  end  of  the 
pas sage  is r a p i d l y  communica ted  across  the  passage  to  the  huh end.  This  h igh  back  
p r e s s u r e  o n  t h e  s t r e a m l i n e s  a t  t h e  hub  end  beg ins  to  dece le ra t e  t he  hub flow  (which 
i s  s t i l l  subsonic)  as  can be seen by the s teady hub Mach number decrease  f rom about  
400 c y c l e s .   I n   f a c t ,   t h e h u b   f l o w   a c c e l e r a t e s   s t e a d i l y   i n   r e s p o n s e   t o   t h e   i n l e t  
s p e e d u p   u n t i l   a b o u t  400 c y c l e s  when the  t i .p   shock  forms.  From t h e   o n s e t  of t h e  
t i p   s h o c k ,   t h e  h u b   f l o w   s t e a d i l y   d e c e l e r a t e s .  By 1100 c y c l e s ,   t h e  hub e x i t  Mach 
number i s  s i g n i f i c a n t l y  less t h a n  t h e  hub i n l e t  Mach number. 
A t  1100 c y c l e s  t h e  t i p  s h o c k  h a s  s t r e n g t h e n e d  a n d  s p r e a d  o v e r  h a l f  t h e  b l a d e  
span .  From about  400 c y c l e s ,   t h e   i n c i d e n t   f l o w  a t  t h e   l e a d i n g   e d g e   o f   t h e   t i p  is 
supersonic  and  hence  the  Mach number p r o f i l e  a t  the  l ead ing  edge  s t eepens  fo rming  
a weak l e a d i n g  e d g e  s h o c k .  B e c a u s e  o f  t h e  p o o r  r e s o l u t i o n  i n  t h e  v i c i n i t y  o f  t h e  
s h a r p  l e a d i n g  e d g e ,  t h e  l e a d i n g  e d g e  s h o c k  i s  n o t  as w e l l  r e p r e s e n t e d  as t h e  r e a r  
shock.  
It s h o u l d  b e  n o t e d  t h a t  o n c e  m i x e d  f l o w  e x i s t s  i n  t h e  v i c i n i t y  o f  t h e  b l a d e ,  
t h e  Mach number p r o f i l e s  b e g i n  t o  d e v e l p  f i n e  s c a l e  w a v e - l i k e  p a t t e r n s .  I t  may 
w e l l  b e  t h a t  t h e s e  are the long wavelength components of the complex steady wave 
s t r u c t u r e s  w h i c h  were p r e d i c t e d  f r o m  l i n e a r i z e d  t h e o r y  by Namba (6) 
11 
The c ross  f low and  s t a t i c  p r e s s u r e  d i s t r i b u t i o n  i n  t h e  p l a n e  o f  t h e  b l a d e  
a t  1100   cyc le s  are shown i n   f i g s .   1 9   a n d  2@ . In g e n e r a l ,   t h e   c r o s s   f l o w  
may b e  i n t e r p r e t e d  i n  t e r m s  o f  t h e  s t a t i c  p r e s s u r e  g r a d i e n t s .  T h e  i n l e t  
s t a g n a t i o n  p r e s s u r e  p r o f i l e  is  man i fe s t ed  as a s ta t ic  p r e s s u r e  p r o f i l e  a t  t h e  
l ead ing  edge  o f  t he  b l ade  2nd a s t r o n g  c r o s s  f l o w  f r o m  t i p  t o  hub i s  set  up 
i n  t h i s  r e g i o n .  S i n c e  t h e  f l o w  a t  t h e   s u p e r s o n i c   t i p   e x p a n d s   o v e r   t h e   b l a d e  
t o  much l o w e r  b a c k  p r e s s u r e  t h a n  t h e  s u b s o n i c  hub  f low,  th i s  l ead ing  edge  c ross  
f low i s  e v e n t u a l l y  r e v e r s e d  t o w a r d s  t h e  rear o f  t h e  c h o r d  w h e r e  t h e  t i p  s t a t i c  
p r e s s u r e  f a l l s  b e l o w  t h e  h u b  s t a t i c  p r e s s u r e .  The c r o s s   f l o w   r e v e r s e s  a t  t h i s  
po in t   and   f l ows   back   t owards   t he   t i p .   Af t e r   t he   shock ,   however ,   t he re  i s  a 
s l i g h t l y  h i g h e r  s t a t i c  p r e s s u r e  n e a r  t h e  t i p  w h i c h  a g a i n  r e v e r s e s  t h e  c r o s s  
f l o w  i n  t h e  d i r e c t i o n  o f  t h e  h u b .  
P e r h a p s  t h e  m o s t  r e m a r k a b l e  f e a t u r e  o f  t h i s  e x p e r i m e n t  i s  t h e  s t r i k i n g  f a c t  
t h a t  t h e  t h r e e - d i m e n s i o n a l  f e a t u r e s  o f  t h e  f l o w  f i e l d  a p p e a r  v e r y  much l i k e  a 
set o f   w e a k l y   i n t e r a c t i n g   t w o - d i m e n s i o n a l   s t r i p s .   P e r h a p s   t h i s  is b e c a u s e   t h e  
span  l eng th  i s  r a t h e r  small compared t o  t h e  b l a d e  p e r i o d  (1 /2.7)  and t h i s  i m p o s e s  
a r a t h e r   s t r o n g   t e n d e n c y   f o r   t w o - d i m e n s i o n a l   b e h a v i o r .  The i n l e t  lrlach number 
p r o f i l e  i n  t h e  p r e s e n t  c a l c u l a t i o n  was r a t h e r  s t r o n g  i n  s p a n w i s e  g r a d i e n t .  One 
s u s p e c t s   t h a t   f o r  more “ t r a n s o n i c ”   i n l e t   p r o f i 1 . e ~   ( e . g .  M,, = 0 . 9 5 ,  Y = 1.05) 
more  complex s u r f a c e  Mach number p r o f i l e  b e h a v i o r  w o u l d  r e s u l t  a s  t h e  f l o w  e n g a g e d  
t h e  s u b s o n i c  r e g i o n  c h a r a c t e r i s t i c  o f  t h e  hub  and t h e  s u p e r s o n i c  A c k e r e t  p r o f i l e s  
c h a r a c t e r i s t i c  o f  t h e  t i p .  A s e c o n d  n o t e w o r t h y  f e a t u r e  i s  t h e  e x i s t e n c e  of t h e  
s h o c k  s u r f a c e  n e a r  t h e  t i p .  T h e r e  h a s  b e e n  some s p e c u l a t i o n  t h a t  t h e  t h r e e -  
d i m e n s i o n a l  r e l i e f  p r o v i d e d  b y  a spanwise  nonun i fo rmi ty  wou ld  r e l i eve  the  
n e c e s s i t y  o f  h y p e r b o l i c  e l l i p t i c  t r a n s i t i o n  t h r o u g h  a c o m p r e s s i o n  d i s c o n t i n u i t y .  
Th i s  appea r s  no t  t o  be t h e  c a s e .  
ub t i p  
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Figure 1. C a s c a d e   a n d   f l o w   f i e l d   c o n f i g u r a t i o n .  
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Figure 2. 
Boundary c o n d i t i o n s  a n d  mesh p o i n t s  a t  b l a d e  surface. 
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Figure 3. 
Phys ica l  domain  and s o l u t i o n  domain correspondence. 
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Figure 4. Sonic  l ine  development   in   two-dimensional  time vary ing  flow. 
Mo = 0.84. 
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Figure 5 .  Transonic   Pressure  coeff ic ient  development i n  two-dimensional 
time  varying f low.  M, = 0.84 .  
Figure 6.  Mach number  development  in  two-dimensional  time  varying  flow. 
Figure 7. Mach number contours   in   t ime  dependent   wo-dimensional  flow a t  
1000 c y c l e s .  Mo = 0 . 8 4 .  
Pigum 8. Mach number distribution in  the plane of the blade at 300 cycles. 
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Figure 9.  Mach number d i s t r i b u t i o n  i n  t h e   p l a n e  of t h e   b l a d e  a t  400 c y c l e s .  
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Figure 11. Mach number d i s t r i b u t i o n  i n  t h e  p l a n e  of the   b lade   a t  600 cycles .  
Figure 12. Xach  number d i s t r i b u t i o n  i n  t h e  p l a n e  of t h e   b l a d e  a t  700 c y c l e s .  
Figure 13. Mach number d i s t r i b u t i o n  i n  t h e  p l a n e  of t h e   b l a d e  a t  800 c y c l e s .  
Figure 14. Mach number d i s t r i b u t i o n  i n  t h e  p l a n e  of t h e  b l a d e  a t  900 c y c l e s .  
Figure 15. Mach number d i s t r i b u t i o n  i n  t h e  p l a n e  of the  blade a t  1000 cycles .  
Figure 16. Mach number distribution in the plane of the blade a t  1100 cycles. 
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F i e r e  17. S t a t i c  p r e s s u r e  d i s t r i b u t i o n  i n  t h e  Dlane of the  b lade  a t  700 cycles .  
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Figure 18. S ta t i c  p re s su re  d i s t r ibu t ion  in the  plane of the blade a t  1100 cycles. 
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Figure 19- Cross flow d i s t r i b u t i o n  i n  t h e  p l a n e  of t h e  b l a d e  a t  1100 cycles. 
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Figure 20. Mach number e v o l u t i o n   a t  hub and t i p .  Note   s teady   decrease  of 
hub Mach number  once  shock.  forms a t  t i p .  
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